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ABSTRACT 


In this study, we give special Smarandache curves according to the Sabban frame in hyperbolic space and new 
Smarandache partners in de Sitter space. The existence of duality between Smarandache curves in hyperbolic and de 
Sitter space is obtained. We also describe how we can depict picture of Smarandache partners in de Sitter space of a 
curve in hyperbolic space. Finally, two examples are given to illustrate our main results. 
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1. INTRODUCTION 


Regular curves have an important role in the theory of 
curves in differential geometry and relativity theory. In the 
geometry of regular curves in Euclidean or Minkowskian 
spaces, it is well-known that one of the most important 
problem is the characterization and classification of these 
curves. In the theory of regular curves, there are some 
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special curves, such as Bertrand, Mannheim, involute, 
evolute, and pedal curves. In the light of the literature, in 
{11] authors introduced a special curve by Frenet-Serret 
frame vector fields in Minkowski space-time. The new 
special curve, which is named Smarandache curve 
according to the Sabban frame in the Euclidean unit sphere, 
is defined by Turgut and Yilmaz in Minkowski space-time 
[11]. Smarandache curves in Euclidean or non-Euclidean 
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spaces have been recently of particular interest for 
researchers. In Euclidean differential geometry, 
Smarandache curves of a curve are defined to be 
combination of its position, tangent, and normal vectors. 
These curves have been also studied widely [1, 4, 6, 9, 11, 
12]. Smarandache curves play an important role in 
Smarandache geometry. They are the objects of 
Smarandache geometry, i.e. a geometry which has at least 
one Smarandachely denied axiom [2]. An axiom is said to 
be Smarandachely denied if it behaves in at least two 
different ways within the same space. Smarandache 
geometry has a significant role in the theory of relativity 
and parallel universes. Ozturk U., et al. studied 
Smarandache curves in hyperbolic space but they don’t 
give dual Smarandache partners of these curves in de Sitter 
space [6]. We answer it for curves in hyperbolic space and 
show the Smarandache partners curve of these curves in de 
Sitter space. We explain the Smarandache de Sitter duality 
of curves in hyperbolic space. In this paper, we give the 
Smarandache partner curves in de Sitter space according to 
the Sabban frame {a, t, } of a curve in hyperbolic space. 
We obtain the geodesic curvatures and the expressions for 
the Sabban frame’s vectors of special Smarandache curves 
on de Sitter surface. In particular, we see that the timelike 
aé-Smarandache curve of a curve @ does not exist in de 
Sitter space. We give some examples of the Smarandache 
curves in hyperbolic space and its dual Smarandache 
curves in de Sitter space. Furthermore, we give some 
examples of special hyperbolic and de Sitter Smarandache 
curves, which are found in the study of Yakut et al. [12]. In 
her Master thesis [9], Tamirci also studied the curves in de 
Sitter and hyperbolic spaces using a similar framework. 


2. PRELIMINARIES 


In this section, we use the basic notions and results in 
Lorentzian geometry. For more detailed concepts, see 
[7,8]. Let IR? be the 3-dimensional vector space equipped 
with the scalar product {,) which is defined by 


(X,)_ = —X1Y1 + X22 + X3Y3- 


The space E? = (R3,(,),) is a pseudo-Euclidean space, 
or Minkowski 3-space. The unit pseudo-sphere (de Sitter 
space) with index one S? in E? is given by 


SP -S4xeE Oe = 1. 
The unit pseudo-hyperbolic space 
Hg = {xeE?|(x, x), = -1} 


has two connected components HZ, and HG_. Each of 
them can be taken as a model for the 2-dimensional 
hyperbolic space HZ. In this paper, we take He, = H?. 
Recall that a nonzero vector xeE} is spacelike if 
(x,x), > 0, timelike if (x,x), <0, and null (lightlike) if 
(x, x), = 0. The norm (length) of a vector xeE? is given 


by |Ixll, = /l(x, x),| and two vectors x and y are said to 


be orthogonal if (x,y), = 0. Next, we say that an arbitrary 
curve a = a(s) in E? can locally be spacelike, timelike, 
or null(lightlike) if all of its velocity vectors @’(s) are, 
respectively, spacelike, timelike, or null for all sel. If 
lla’(s)|l_, # 0 for every sel, then o is a regular curve in 
E32. A spacelike(timelike) regular curve a@_ is 
parameterized by a pseudo-arc length parameter s , which 
is given by a:1 C R= E}, and then the tangent vector 
a'(s) along a@ has unit length, that is 


(a'(s),a'(s)), = 1C(a'(s), a’(s)), = -1) 
for all sel. Let 


x = (%1,%2,%3), Y= (Vu V2 V3), 2 = (21) Za, 23)€ ER. 
The Lorentzian pseudo-vector cross product is defined as 
follows: 


XA Y = (—xX2¥3 + X3V2, X3V1 — X1V3» X1V2 — X21) (1) 
We remark that the following relations hold: 

(i) (XA y,z), = det(x y z) 

(ii) x A (vy Az) = (x,y), Zz — (x, 2) LY 


Let a:1 Cc R= H2 be a regular unit speed curve lying 
fully in H@. Then its position vector a is a timelike vector, 
which implies that the tangent vector t = a’ and normal 
vector € are unit spacelike vector for all sel. We have the 
orthonormal Sabban frame {a(s),t(s),&(s)} along the 
curve a, where €(s) = a(s) At(s) is the unit spacelike 
vector. The corresponding Frenet formula of @, according 
to the Sabban frame, is given by 


a'(s) = t(s) 
t'(s) = a(s) + kg(s) &(s) (2) 
§'(s) = —K,(s)t(s) 


where K,(s) = det(a(s),t(s),t’(s)) is the geodesic 
curvature of a on H2 and s is the arc length parameter 
of a. In particular, the following relations hold: 


E=adt, -a=tné&, t=Eda (3) 


Now we define a new curve B:1C R->S? to be a 
regular unit speed curve lying fully on S? for all sel such 
that its position vector B is a unit spacelike vector 
according to the combination of the position, tangent, and 
normal vectors of a. In this case 6’ = tg may be a unit 
timelike or spacelike vector. 


Definition 2.1. A unit speed regular curve 6(S5(s)) lying 
fully in Minkowski 3-space, whose position vector is 
associated with Sabban frame vectors on another regular 
curve @(s), is called a Smarandache curve[1 1]. 


In the light of this definition, if a regular unit speed curve 
a:1C R- H2 is lying fully on H? for all sel and its 
position vector @ is a unit timelike vector, then the 
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Smarandache curve £ = B(S(s)) of the curve a@ is a 
regular unit speed curve lying fully in S? or HZ. In our 
work we are interested in curves lying in S? and so we 
have the following: 


a) The Smarandache curve B(S(s)) may be a spacelike 
curve on S? or, 


b) The Smarandache curve 6(S(s)) may be a timelike 
curve on S? for all sel. 


Let {a,t,&} and {B, tp, &} be the moving Sabban frames 
of a and f, respectively. Then we have the following 
definitions and theorems of Smarandache curves 


B= B(S()). 


3. CURVES ON H2 AND ITS SPACELIKE 
SMARANDACHE PARTNERS ON S$? 


Let a be a regular unit speed curve on Hj. Then the 
Smarandache partner curve of « is either in de Sitter or in 
hyperbolic space. B is called de Sitter dual of a in 
hyperbolic space. In this section we obtain the spacelike 
Smarandache partners in de Sitter space of a curve in 
hyperbolic space. 


Definition 3.1. Let @ = a(s) be aunit speed regular curve 
lying fully on H} with the moving Sabban frame {a, t, €}. 
The curve 8:1 C R > S? of a defined by 


B(5(s)) = Blcrals) + 2§(s)) (4) 


is called the spacelike a€-Smarandache curve of o and fully 
lies on S2, where c,,c.€R\{0} and —c? + cZ = 2. 


Theorem 3.1. Let a:1 C R > H@ be a unit speed regular 
curve lying fully on H? with the Sabban frame {a, t, €} 
and geodesic curvature kg. If B:1C R-S? is the 
oag-Smarandache curve of a with the Sabban 
frame {B, tp, é, p} then the relationships between the 
Sabban frame of a and its ag-Smarandache curve are 
given by 


C1 C2 

B) |w ° wlye 

tej=|0 e oOffé (5) 
C2E C1E 

fe] | 0 ZI 

where ¢ = +1 and its geodesic curvature Ke is given by 

B _ C1Kg—C2 

= 6 
g |c1-coKg| (6) 


Proof. Differentiating the equation (4) with respect to s 
and considering (2), we obtain 

dBds_ 1 

TSH (Cy -— CK J. 
ds ds rat 1: 2 9) 
This can be rewritten as 


ds 1 
ty 7 = ger — Caktg)t (7) 


where 

ds __|c1-caKkg| 

oa pee ol 8 
ds v2 ( ) 


By substituting (8) into (7) we obtain a simple form of Eq. 
7 as follows, 


te = et (9) 


wheree = 1 if cy —cgkg > Ofor all s and e=—1 if 
Cy — C2Kg <0 for all s. It can be easily seen that the 
tangent vector tg is a unit spacelike vector. Taking the 
Lorentzian vector cross product of (4) with (9) we have 


fg =P Atp 
= Bloat 18) (10) 


It is easily seen that §g is a unit timelike vector. On the 
other hand, by taking the derivative of the equation (9) with 
respect to s, we find 


“BES = g(a + kgf) (11) 


By substituting (8) into (11) we find 


, Wz: 7 (a + kgé). (12) 


B~ |cr—-c2k 
Consequently, from (4), (9), and (12), the geodesic 
curvature Ke of the curve PB = B(S(s)) is explicitly 
obtained by 

C1Kg-C2 


|c1-c2Kg| 


BL = 
Kg = det(6, tg, tg) = (13) 
Thus, the theorem is proved. In three theorems that follow, 
in a similar way as in Theorem 3.1 we obtain the Sabban 
frame {B, tg, é p} and the geodesic curvature ee of a 
spacelike Smarandache curve. We omit the proofs of 
Theorems 3.2, 3.3, and 3.4, since they are analogous to the 
proof of Theorem 3.1. 


Definition 3.2. Let @ = a(s) be aregular unit speed curve 
lying fully on HZ. Then the spacelike a@t-Smarandache 
curve B:1 C R—> S? of a defined by 


B(5(s)) = (Cras) + egt(s)) (14) 
where C,,C2€R\{0} and —c? + c% = 2. 


Theorem 3.2. Let a:1 C R > H? be a regular unit speed 
curve lying fully on Hé@ with the Sabban frame {a, t,é} 
and geodesic curvature Kg. If B:1CR- S? is the 
spacelike at-Smarandache curve of a, then its frame 


{B, tp,ée} is given by 
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v2 v2 
B C2 Cy Es 
tg|= [esxd-2 [eexd-2 c3«2-2 [: | (15) 
§p —chkg —C102Kg 
[25-2) pada | 2(c2 = 


The geodesic curvature Pas of the curve B is given by 


KP = meee — CyCzKgAz — 2/3) (16) 


Gi Kp-2 


where cK? > 2 and 


Ay = —cRikgkg +c, (cFZKZ — 2) 
Az = —C,C2Kgkg + (C2 — C2k2)(cZx2 — 2) (17) 
a3 = -c3 KeKg + (CyKkg + Cokg) (ChKG —2) 


Definition 3.3. Let a:1 C R > H? bea regular unit speed 
curve lying fully on Hg. Then the spacelike 
té-Smarandache curve 8:1 C R > S? of a defined by 


B(S(s)) = Flaat(s) + &(s)) (18) 


where C,,C€R\{0} and c? + cf = 2. 


Theorem 3.3. Let a:1 C R > H?2 be a regular unit speed 
curve lying fully on Hé@ with the Sabban frame {a, t,&} 
and geodesic curvature xy. If B:1CR- S? is the 
spacelike t&-Smarandache curve of a, then its frame 


{B, tp,ép} is given by 


0 ot £2 
v2 v2 
B C1 =C2Kg C1Kg m 
tg|= [exg-e2 [x3-e2 [exg-e2 | (19) 
§p —2Kg en as g 


[2(2x3-<2) ppterj=e2) Jateng=e2) 


he geodesic curvature Ke of the curve B is given by 
ce = (2g Ar + C1 C2Az - cZA3) (20) 
(22 -C. 2) /2 
where c? < 2K and 
Ay = —2cyKgkg — Cog (2K?2 — cf) 
Ag = 2cgK 2K) + (C1 — Cgky — C1K2)(2K2 -—c2) (21) 
Az = —2cyK2Ky + (—coK2 + cyKg)(2K2 — c?) 


Definition 3.4. Let @:1 C R > H2 be a regular unit speed 
curve lying fully on Hj. Then the — spacelike 
até-Smarandache curve B:1 C R > S? of a@ defined by 


B(5(s)) = (cra(s) + egt(s) + e3&(s)) 22) 


where C1, C2,C3€R\{0} and —c? + cZ + c% = 3. 


Theorem 3.4. Let a:1 C R > H@ be a regular unit speed 
curve lying fully on HZ with the Sabban frame {a, t, €} 
and geodesic curvature Kg. If B:1CR- S? is the 
at&-Smarandache curve of a, then its frame {B, tp, é p} is 
given by 


a — 3 
B v3 v3 v3 a 
Co C1 -C3Kg C2Kg 
leh. 32 oat ae | (23) 
§p —c3kg—C3(—Cy+C3kg) C231 C2Kk&g C1 (C1-C3Kg) — CF g 
where 
A= 2 24 c2K2 ee 
= (cy —c3kg) —c2+c3n2 , (cy —c3kg) > cB - 


cha and the Smarandache curve B is a spacelike curve. 


Furthermore, the geodesic curvature Ke of curve f is 
given by 


i — ((c3k, + C3 Kg — C4C3)Ay + (—CyCakg + C2C3)A2 + 


(c? — cregkg — c3)As) x ((c - C3Kq) —ce t+ 
5/, =a 
cx) ; (24) 


where 


Ay = C2 (gg (cy — C3Kg) — CF Kg Kg) 
+(c, — C3) ((c1 - ane) —co+ cx?) 
Ay = (C1, - ae al (cy —Cgkg) — c2KgK)) 
een ater ar) (25) 
+(c2 — c3k— Die Ky) —c2 + cx?) 
A; = oa tea ee - Ess —c ext) 
+(Kg(cy — C3 g) + Coy) ((c; - C3) —ce+ cx?) 


Example 3.1. Let us consider a regular unit speed curve a 
on Hé defined by 


a(s) = (<> uy +41, = os ,s—1). 


Then the orthonormal Sabban frame {a@(s), t(s), €(s)} of 
a. can be calculated as follows: 


=) (s—1)? (s—1)? 
a(s) = ( 5 + 1, ,s—1) 
t(s) =(s—1, s—1, 1) 
a2 AAD 
g(s) = (—, 1, s-1) 


2 


The geodesic curvature of a is —1. In terms of the 
definitions, we obtain the spacelike Smarandache curves 
on 5S? according to the Sabban frame on H@. 


First, when we take c; =1 and c,=V3, then the 
aé-Smarandache curve is spacelike and given by 
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1 1 3 
B(5(s)) al( +8) De +1, 


(“ +) (s—1)?- 3, (s-Dd4 6) 


and the Sabban frame of the spacelike a@&-Smarandache 
curve is given by 


1 v3 
B) \a ° walye 
tg|=10 ojle 
Se} |¥B og 4IES 
B 5 0 e 
and its geodesic curvature aM is —1. 


Second, when we take cy =1 and cz = V3, then the 
at-Smarandache curve is a spacelike and given by 


1 (© —1)? 


B((s)) = gl a V3(s—1) +1, 


(s—1)? 
2 


+(e D,(s=1 +98) 


and the Sabban frame of the spacelike at-Smarandache 
curve is given by 


devas 
B 2 v2 a 
te)/=|v3 1 —-v3 | 
ép 3 V3 

me. 
and its geodesic curvature Ke is —1. 


Third, when we take c,; =1 and c,=1, then the 
t€-Smarandache curve is a spacelike curve and given by 


B(5(s)) = A(4 +s-1, ew + s—2, s) 


and the Sabban frame of the spacalike té-Smarandache 
curve is given by 


ag ete oe 
B a we \I% 
fe}=|1 1 -1))/¢ 

Be sche 
Ss] V2 = -Z 
and its geodesic curvature pe is —1. 


Finally, when we take c, = V3, co = V3 and c3 = V3, 


then the at&-Smarandache curve is a spacelike curve and 
given by 


B(5(s)) = ((s — 1)? + s,(s — 1)? +5 — 2,25 - 1) 


and the Sabban frame of the spacelike at&-Smarandache 
curve is given by 


B 1 1 iy 
cH 
gp 1 : 3 


and its geodesic curvature Ke 


NIWNI Re 


is —1. 
We give a curve a in hyperbolic space and _ its 
Smarandache partners in de Sitter space in Figure 1. 
4. CURVES IN HYPERBOLIC SPACE AND DUAL 
TIMELIKE SMARANDACHE PARTNERS 
In this section we obtain the timelike Smarandache partners 


in de Sitter space of a curve in hyperbolic space. 


Theorem 4.1. Let a:1 C R > H? be a regular unit speed 
curve lying fully on Hj . Then the timelike 
aé -Smarandache curve B:1 Cc RS? of @ does not 
exist. 


Proof. Assume that a:1 C R > Hé be aregular unit speed 
curve lying fully on HZ. Then the timelike 


aé-Smarandache curve 8:1 C R > S? of @ is defined by 


B(5(s)) = (cra(s) + c2€(s)) (26) 


C1, C2ER\{0}, —c? + cz = 2. Differentiating (26) with 
respect to s and using (2), we obtain 
: dpBds 1 
Bs) = ds ds = rae — C2Kg)t 
ds 1 
tp rE = irae az C2Kg)t 


where 


ds _ (c1—C2Kg)* 
ds 2 


which is a contradiction. 


In the corollaries which follow, in a similar way as in the 
previous section, we obtain the Sabban frame {B ,tg,€ p} 


and the geodesic curvature Kh of a timelike 
Smarandache curve. We omit the proofs of Theorems 4.2, 
4.3, and 4.4. 


Definition 4.1. Let a:1 C R > H? bea regular unit speed 
curve lying fully on Hj. Then, the timelike 
at-Smarandache curve 2:1 C R > S? of @ is defined by 


B(S(s)) = Hares) + ept(s)) 


where C1, C,€R\{0}, and —c? + cf = 2. 
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Corollary 4.1. Let a:1 C R > H@ bea regular unit speed 


curve lying fully on H? with the Sabban frame {a, t, €} 
and the geodesic curvature Kg. If 6:1 C R— S? is the 
timelike a@t-Smarandache curve of a, then its frame 


{B, tp,é&p} is given by 


> Sle 
N pyle 


gp -chkg -C1 C2 Kg 


& 
v2 
cy akg _ 
tg) = [e-eBee [p-eBed [2- —chKg ak | 
pee- -c3K3) [2e- c3Kg) Fer es 


and the corresponding geodesic curvature Ke is given by 


B_ 1 2 = = 
Kg = Gacugy Te (e Kgdy — C1 C2KgAz 2A3) 


where —c? + c2 = 2 with c,,c,eR\{0}, cZKZ < 2 and 


Ay = cfg, + c,(2 — chKZ) 
Az “ce Rk CxO — KG) 
Az = cRKGKG + (CyKg + cok Ki)(2 — c2x2). 


Definition 4.2. Let a:1 C RH be a regular unit 
speed curve lying fully on Hj. Then, the timelike 


té-Smarandache curve 2:1 C R > S? of a is defined by 


B(5(s)) = (cats) + €26(5)), 


where C,,C,€R\{0}, and c? + c? = 2. 


a is a unit speed curve on Hé (black line) 


B is a unit speed spacelike curve on S? (red line) 


SSUN__LLEA 


at-Smarandache curve 


t€-Smarandache curve 


| | 
as 


at&-Smarandache curve 


Figure 1. Spacelike Smarandache partner curves of acurve a@ on H? 
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Corollary 4.2. Let a:1 Cc R > Hj be a regular unit speed 
curve lying fully on H@ with the Sabban frame {a,t, €} 
and geodesic curvature Ky. If f:I CR-S? is the 


timelike t&-Smarandache curve of a, then its frame 


{B, tp,&p} is given by 


0 C1 C2 
V2 v2 
B C1 —C2Kg C1Kg a 
te} =| [et-ang — e-ang eB ang | 
ép —2Kg C4C2 -¢? 


[p(e2-2e3) fole?=203) _[2(c2-2K3) 


B 


and the corresponding geodesic curvature Kg is given by 
Ko = —>__ (2kgAy + C4C2A2 + cZA3) 
g 7 3] g"1 10242 143 

(cZ-2x3) '? 


where C,,C,€R\{0}, cf + cz = 2, cf > 2xg and 


Ay = 2¢kgkg — Cokg(c? — 2x2) 
Ag = —2cgKZKy + (cy — Coky — CK 2) (Cc? — 22) 


Ag = 2c K2K, + (cK y—Cok2)(c2 — 2x2). 


Definition 4.3. Let a:1 C R > H? bea regular unit speed 
curve lying fully on Hj. Then at&-Smarandache curve 


B:1C R= S? of @ is defined by 


B(5(s)) = (Gras) + egt(s) + ¢36(s)) 
C1, C2, C3E€R\{0}, —c? + c2 + c2 = 3. 


Corollary 4.3. Let a:1 C R > H? be a regular unit speed 
curve lying fully on HZ with the Sabban frame {a,t, €} 
and geodesic curvature ky. If B:ICR- S? is the 


timelike at&-Smarandache curve of a, then its frame 


{B, tp,&p} is given by 


Cy C2 C3 

V3 v3 v3 

Co Cy — C3Kg C2Kg 
- VA* ‘A* VA* 


Ci Kg — C3 (-c, + C3Ky) C2C3z — CyCy Kg e(c, - C3Ky) - 


3A* vV3A* 3A* 
where 
a) ‘d 21.2 2 2 22 
A= ch—-(c, - C3Kqy) — CZKG, (C1 - C3Ky) < cy — CR KG 


and the corresponding geodesic curvature Pad 


‘g 18 given by 


Bb (ee + C3 Kg - C1 C3 )Ay + (—c1C2Kq + a 


"9 +(c? = cyegky — c3)A3 


2 2 24-2 */a * 
x (c2-(c, — caX,) — cx?) 


where C1, C2,c3€R\{0}, —c? + c# +c? = 3 and 


Ay = C2(—czkg(c1 — c3kg) + c3Kg ky) 
+(c, — ¢3kg) (c3 —(q- C3Kkg) - cx3) 
Ag = (c1 — C3ktg)(—cgkg (C1 — C3Kg) + c2KgKy) 
+(€2 — c3ky—C2k2) (c3 -(q- Cag) - c3x3) 


Az = C2Kg(—czkg(c1 — c3kg) + cFKgky) 


+ (cong + Kg(c — c3Kq)) (c3 —(q- C3Kg) - cud) 


Example 4.1. Let us consider a regular unit speed curve @ 
on H2 defined by 
a(s) = (coshs,sinhs, 0). 


Then the orthonormal Sabban frame {a, t, €} of the curve 


a and the orthonormal Sabban frame {B, tp,&} of the 


x? of a timelike 


curve f and the geodesic curvature Kg 


Smarandache curve can be calculated as in the previous 
example. The curve @ and its Smarandache partners are 


given in Figure 2. 


t 
§ 


| 
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a is aunit speed curve on H2 (black line) 


B is aunit speed timelike curve on S? (red line) 


aé-Smarandache curve is undefined 


t€-Smarandache curve 


at&-Smarandache curve 


Figure 2. Timelike Smarandache partner curves of a curve a on Hé 
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